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Note on the Electrodynamics of Accelerated Systems

E. J. Post and D. D. Bahulikar

University of New Hampshire

Abstract: Some preliminary results concerning the experimental testa-—

bility of the free-space constitutive relations are discussed
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5; g in connection with some recent theoretical developments. .
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f; g; g A recent paper by T. C. Mo~ on the electrodynamics of accelerated -
{ .
{ o Bystems seems to make it desirable to recall some early experimentation
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! ;\) that is relevant to free-space constitutive behavior.
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, } é{ There are few experimental tests on record which may be considered
‘ < ’
j w3 as a direct verification of the constitutive behavior observed on
| 3] :
S o 5]
\ gnn U accelerated systems in free-space. The only experiments known to the
-ty |
 mou authors of this note are the experiments performed some fifty years
Py hy
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.‘g Séﬁ ago by Kennard™ and by Pegram™; they constitute experimental tests for
B ‘ ' . .
BEsRalS rotational motion.
P~ .
i‘ [ !'"1:3- . »
!ﬁ v The equipment that was used in both experiments consisted of a
! = .
IR tubular cylindrical condensor which was being rotated in a coaxial
¢ Pt ) ' :
f,.m;g magnetic field. Kennard found a potential to exist on the condensor
LR ' .
SN @ .
‘g"_;'; : when rotated, while Pegram's observation showed that a charge developed
N = o ' ' ‘
Tea on the condensor when it is being shorted by a corotating short,
558
f p ] '
; g = For both experiments it was found that the observations were
‘U s '
222 independent of whether the solenoid generating the coaxial B field
ERE ,

was stationary or rotating at the same angular velocity as the cylin-

drical condensor.
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.There has been some controversy surrounding these observations.
Questions have been raised whether the observations were correct, and
if so, how should they be interpreted in the light of the circumstance

that the effects still exist even when the solenoid generating the co-

axial B field rotates with the same anpular velocity as the cylindrical

condensor. It is the‘latter fact which in our opinion makes it desirable
to consider these effects as observations of a constitutiQe nature con-
cerning a frame of reference rotating in free-space.

To dispel any uncertainty concerning the reality of the mentioned
observations, the authors of the present note constructed a piece of
equipment similar to that of Kennard and Pegram. Our as yet preliminary
cbservations show a qualitative aéreement with those of Kennard and
Pegrém. The conditions of our observatlons were between thoge of Kemnard
and Pegr%m in the sense that our observations were made with an electro-~
meter that had an impedance range intermediate between open cireuit
(Kennard) and complete short (Pegram).

To the extent that experimental results are available it seems
that the observations can be consistently described by a constitutive

relation of the following form (MKS units)
D= ao'f + 50(6 XT¥) xB (1)
in which'ﬁ,'f,'ﬁ and,;;'defined on the rotating frame, have the
usual mgaaning,.eD is the free45pace permittivity and @ is the angular
velocity of the system with respect to inertial space.

For cylindrical symmetry and when using cylinder coordinates, one

may write eq. (1) in the form

D =¢ E +¢ frB : (2
T o Y o] VA .
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‘It i; a éeli—knowﬁ riddle of E.M. theory that the second term of (1)
[or (2) forzthat matter] has all by itself é nonvanishing divergence
div(? x ¥) x B.= 22 * B # 0 (see for iustance Sommerfeld& ~ last page).
It would then'éppear as if an observa&ion made from a rotating frame
would record a space-charge where none was to begin with. We will make
phe elimination of this absurdity a cornerstone of the next following
conslderations; the ba;ic idea being that divergences of individﬁal
electric field components E contributing to a total electric displacement
D are not physically meaningful.

Let us instead take the divergence of the "surface" vector D

and let us insist that its divergence vanishes also on the rotating

system. We obtain then for conditions of cylindrical symmetry

1 9
T or ¥ Dr =0 (3)

Solving this-equation, we have
D =Ar C(4)

with A as a constant of integration.
The ideal Kennard case (open circuit - no displacement) is now
characterized by A = 0. The Kennard potential can then be obtained

from (2) as

r
vV, = 2E dr = -2 QB (r2 - rz} : {5).
k e T 2 z 2 1

1

r; and r, being the radii of the inner and outer cylinder of the

tubular condensor.,

In the ideal Pegram case A # 0. .{ts value can be calculated from

r
2 :
the condition that the potential I Erdr = 0. One then finds for
.t . ' r :
1
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the integraktion comstant
1 2 2
‘A 7 € Q Bz(r2 - rl)fln rzlrl (6)

The Pegram charge Qp on the condensor is obtained by integrating Dr over

the surface of the cylinder of length % say,

Qp = 2n Ag ' (N

Substitution of (6) gives

3 22
Qp =€, T QL Bz(rzl rl)fin r2/r1 (8)

One easily verifies that the ratio of the Pegram charge {(8) and the
Kennard potential (5) yields'(in absolute value) the standard expression

for the capacitance of a cylindrical capacitor

Q 2 & L&

= |-P| = — %
¢ Vk n rzlrl 9

In the light of the mentioned experimental observations and the
simple interpretation of these observations in terms of a constitutivé
relation of the form (1), we summarize the following points as abso-
lutely germane to any theoretical discussion invelving accelerated
systems in electrodynamicst ‘ |

1. The Pegram and Kennard effects are realistic observations
that-cannot be ﬁiscounted orldisregarded.

2. A very simple constitutive relation of the form D ='3(§,'§)

{see 1) directly accounts for ﬁhese observations, rather than

the customary relations D = agﬁ or D = E which only hold for

inertial systems in matter-free space.

3. A constitutive relation of the form (1) for a rotating system
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resolves the difficulty recorded by Sommerfeld that a rotation
could give rise to an apparent space-charge div(R x r) x B =

20 * B # 0.

~ In the recent paper by T. C. Mo we find that the existence of a
free-space constitutive dependance of D on B is considered as a mistaken
‘notion (last paragraph section 4). We feel that this statement is ag
variance with the experimental evidence}prESented by Kennard and Pegram
as well as with our own observations. In fact a discussion of the con;
stitutive nature of this evidence appears on p. 490 of reference 5
cited by Mo.

The fundamental issues touched upon here go well beyond Mo's
paper. The question is not whether the method of "local" inertial
tetrads, as used.by Mo; can be made equivalent to a method of "global"
noninertial references, as used in his reference SQ‘ One would expect
such an equivalence to exist, at least locally. Remarks to the con-
trary by Mo are out of context.

The fundamental issue is rather whether or not the method of
local tetrads is a suitable mathematical expedient that enhances phy-
sical perspicuity such as claimed by its proponents. The presented

evidence hardly supports such claims.

References:
l. T. C. Mo, Journal of Math. Phys., 11 (1970) 2589.
2. E. H..Kennard, Phil. Mag., 33 (1917) 179.
3. G. B.‘Pegram, Phys. Rev., 10 (1917) 591.

4. A, Sommerfel&, Electrodynamics, New York (1952).
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Introduction

It is a wall~known‘and a well-established fact that accelerated
‘charges radiate in all conceivable classical configurations, while
uniformly moving charges do nét partake in this phenomenon of radiative
energy emission. This fundameﬁtal observatidn then leads to a rather
basic distinction between the fielas surrounding a uniformly moving
charge as contrasted with the fields surrounding an accelerated charge.

For a co-moving obsefver accompanying a uniformly moving (point)
charge solely a centra;ly symmetric electric field would bé noticeable,
while no reason can be found for an accompanying magnetic field result-
ing from the wmotion. |
' For a co-mb%ing and co-accelerated observer accompanying an
accélerated moving charge one would have to assume that, in éddition
to the centrally symmetric electriec field, also a magnetic field would
have to apnear; if only to account for the nonvanishing integral of
the Pointing vector representing the power radiated by the accelerated
charge. -

It would be unreasonable to expect that the power radiated by the
accelerated charge would depend on whether the observer finds himself
in an inertital frame or in the accelerated frame itself, The radiatiom
of energy brings about a change in_the radiating system which couid

not possibly be a figment of the observer's imapgination related to his

choice of a co-accelerated reference,
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Where the Pointing vector collects the rediative far-field
contributions of the F and H'fields generated by the accelerated
charge, it would also be reasonable‘to inquire into the near-field
situation of the accelerated charge, specifically for thé co-acceler-
ated observer, The following thought experiment clearly illustrates
the nature of the near-field situation, |

A Thought Experimegg

Let us consider a circular disk condensor which can be spun
around its axis of symmetry (éee fig. 1). The‘condensor is charged.to
a high potential, It is then known that-the éurface charge on the con-
densor plates represents a convécfion current which generates a magnetic
field for the stationary (inertial)
observer. This fact was unambigu-
ously established around the
‘turn of the century through a

long series of experiments by

Rontgen, Wilson and Eichenwald.
Now consider the same experi-

ment except that the observer,

instead of being in a stationary

Fig. 1: Rotating charged disgk (inertial) frame, is now on the
condensor showing magnetic rotating system itself. Does the
field lines generated by con-

co-rotating observer still see a
vected surface charges. Both &

plates rotate with same angu- magnetic field? Or should the

1 veloci &) .
ar locity S, co~rotating observer conclude that

o

the magnetic field vanishes, be~

cause with respect to the rotating svstem the convection current vanighes?
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One mav submit this question to any number of reputable and
competent phvsicists and one can be Sure to get a diversity of con-

flicting answers. In fact, they range from: there will be no mag-

netic field (because there is no eurrent) - the field will be modified. -

the f1eld will be the same as for the stationarv observer,

There are a number of reasons to account for this disagreement.
among experts. The most important would probably be that people have
to PIVE themselves enough time to come up with a meaningful answer. A
poll-taking is not very conducive to promote the right atmosphere for
4 more incisive discussion. 1f one takes the time for a thorough
examination, the following two points seem to emerge as deserving fur-
ther scrutiny,

1). Problems related to accelerated systems are only partly
covered by the standard methods of the general theory of
relativity, The general theory does not give unembiguous_
information about the induced transformation behavior of

"?I fields. Secondly, there is no general agreement about the

"inducing" space-time transformation relating inertial and

noninertial frames.

2) Questions arise what it means to measure a'magnetic field,
Dpes one measure the line-vector H of the surface-vector B;
It seems necesgary, even in free-space, to confront the
possibility Ehat-H can vanish while B is-different from
Zero. In the following.discussion B and its assoc1ated
magnetic flux will be regarded as the primary quantity

that is measurable.
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Where it does not seem conclusive to call on sophisticated theory
to resolve the question presented bv the thought experiment; one might
take recourse to the alternative of attempting to obtain appropriate
information through éxperimentation. Yet before doing so, one would
like to have, at least, a preliminary indication of what to axpect

from such experimentation. For that purpese, 1 will present a simple

argument, based on first principles, which indicates that a rotating

observer in the confipuration of Fig. 1 will measure the same B as the

stationaﬁy obserwver.

Consider the rotétionally symmetric B fieid of Fig. 1 and assume
that we want to measure the nonuniformity'of this field by an E M F loop
vibrating up and down in the direction of fhe symmetry axis (see fig. 2).
| | "The EM F aﬁpearing on the
test coil is éakeﬁ out ét thé

point P and then measured by an

apyropriate instrument. Accord-
ing to Faraday's law, the E M F .
-solely depends on the change of

flux through the coil. There is

¥

no indication whatsoever that the |

w3

Fig. 2: Measuring the B E M F would depend on a rotational

field by a (vertically) motion of the coil "in itself",

vibrating test coil,
: because the standard formulation

of the induction law does not

specify anything of this nature.

The rotation of the coil "in itself" (P golng around in the circle

indicated in fig. 2) doeé not affect the flux through the coil., It
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appears that we can now state the following lemma as ensuing from the
standard formulation of the induction law.

Lemma: The E M F developed on a test coil does not depend on a

rotational motjon of the coil in itself. Hence, the con-

clusions concerning the B field are not affected by this

rotational motion in itsel . (P traveling around the

circle iﬁ fig. 2).

Let us apply this lemma to the configuration of the thought
experiment of fig. 1. It then foilows that the EM F, and c;nseqﬁently '
" the B field, would be the same, regardless whether the‘poiﬁt'P (where
the‘lead-wirgs are extfécted) is at rest in an inertial frame or co-
rotating with the charged condengor. This-observation would be unex-
plainable if.the B field on the rotating system would vanish. It follows
that the co-rotating observerMmeasures the same B field as the -stationary
(inértial) observei'c q. e. d.

One c¢an now conclude that the charge& rotating disk condensor of
fig. 1 plus its attached co-rotating test coil and measuring instrument
is an absolute rotation senSor; IF provides a purely electrical
criterion to decide whether or not the total instrument islin an
inertial frame,

Inlan earlier proposal: which'led to an investigation supported by
NASA Gramt NGR 36—002—061, it was pointed‘out that an effect of this

nature could be expected on the basis of its dual relation to the

Kennard-Pegram effect. The latter effect was reconfirmed (see forth-

coming puﬁlication in J. of Math. Physies by E. J. Post and D. Bahulikar).
The two effects together are intimately related to a deeper understanding

of the ring-laser effect.
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However, apart from the, for the time being, weak potential of
these effects for guidarnce and control, a deeper understanding of them

would be consequential for a reassessment of observations concerning

terrestrial, planetary and solar magnetism. Hence, an experimental

pursuit that can help to delineate the true nature of the mentioned

acceleration effects would be quite germane for a meaningful data

evaluation in the space sciences.

Preliminary Design Sketch for an Experiment

There are several possible physical realizations qf the thqught.
experimenf. For a constant rotation one would have a constant magnetic
induction which would require a test-coil performing a motion super-
imposed on the already existing rotational motion; One can avoid ;his
complexity by choosing a nonmuniform rotation——forlinétanée,ia torsional
vibration. A torsional vibration of the charged cohdensor then generates
an alternating coﬁvection_current and a corre5pondiﬁg alternat;ng flux
in the inertial frame as well as in the co-accelerated frame,

¥ig. 3 shows a schematic of such a torsionaily vibrating arrange-
ment. One ma& close the field—liﬁes by mounting the condensor inside
a ferrox~cube pot~core. The input is provide& by a high voltage source
to charge the condensor and a mechanical excitation device for the tor-
sional motion.. Thé-output reading is obtained from a coil wound on the
central leg of the pot-core. The output is an a. c. voltage with a
frequency that equals the frequency of the torsional pendulum arrange-
menﬁ. A low-noige narrow band am#lifier will be necessary to prevent
the small output signal from being immersed in the thermal noise level.
The E M F that can be extracted from the test-coil on the central leg

should obey the following relation.
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3 2 2
4 n r» = Iy 2

v ¢0Vl (vqlts)

c in(rs/Ty)

where

n = number of turns of the coil

¢ = light wvelocity (Meters/sec)

r; = outer radius of disk condensor (meters)

ry; = inner radius of disk condensor (meters)

v =&/21 = torsional vibration frequency (secﬂl)

do = aﬂgular amplitude of vibration {radians)

V = potential of the condensor in volts

This expression for the output E M F can be calculated in two

different ways:

1) TFor the statlonary observer ome can caléulate the total
sinusoidal convection current which then gives the line inte-
gral#ﬁfcﬁ. The total flux can then be obtained as
® =B 8 = pglS where 5 is a cylindricalrsurface of radius r
and height d equal to the distance of the condensor plates.
One finds that r drops out of the end result, hence the flux
is the same at r; and rp (no magnetic sources inside the
condensor space).

2) For the co~accelerafed observer the convection current

vanishes. The expression for the finite flux is then ob-

" tained from the modified constitutive relation (eylindrical

" coordinates).

_1
=5 By + e E

in whichgl = ¢y the amplitude of the angular 1'urelm:ity of
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the torsion pendulum. It follows from div B = O that B = C/r with C
a constant of integration which can be determined from the condition

élldl = 0 (no current). The alternating flux can thus be calculated

and the expression for the output E M F results.

The two calculations lead to identical results as already suggested by

the conclusion of the thought-experiment discussed in the previous

section.

Inserting numbers in the given formula for the output EM F

one finds that the experiment is not easy, yet with the help of modern

facilities it should be possible to obtain a conclusive answer one way

or the other.

15«
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gi?ossible Solution to Sommerfeld's Riddle+

E. J. Post
University of New Hampshire
Durham, New Hampshire

Abstract: An applicatibn of standard electromagnetic theory to non-
inertial systems leads to fundamental problems that culminate
in a riddle concerning space charges that cannot possibly
exist. A solution is proposed by adapting the constitutive
relations so that they become also applicable to noninertial
framee. The adaption has been constructed to be consistent
with a'number of classical experiments and with more recent
ring iaser7;%periments. New experimentation is proposed
-that can further substantiate or refute the proposed adapta-—

tion,

+ Supéorted by NASA Grant NGR 30-002-061. 1<



‘Sommerfeld's Riddle

After an unusually rich career as scientist and teacher, Sommerfeld
bequeathed to the world of physics a monumental treatise covering a
major part of theoretical physiecs, One of the five volumes is devoted
to what may well be fhe most-well-rounded of physical theories: the
 theory of the electromagnetic field, The book draws on the author's
wide experience in both applied and pure aspects of the theory. It
differs in a few remarkable respects from the traditional presentation
of E.M. theory by physicists.

First of all Sommerfeld aligned himself with the engineers. He
reversed his position with respect to the touchy quesfion of units;

a change of heart that was resented by several of his fellow physi-
cists,

Thén secondly, after expounding the beauty and consistency of
relativity he confronts the reader (on the last page of his book) with
a harmless looking but nevertheless disturbing difficulty occurring
in the theory of rotating systems.1

Although it is unlikely that Sommerfeld first noticed this
beauty defect, for the purpose of this article we will call it the
Sommerfeld riddle, because Sommerfeld elevated the problem to a more
prominent position in the textbook literature. In commemoration and .
honor of this healthy precedent of not evading obscure passages of
well—established theory, thé content of this riddle shall now be
discussed.

Consider a rectangular (inertial) frame of reference in a matter
and charge free region of space. Assume a uniform magnetic field of

induction B in the z direction. Now rotate the frame around the z
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axis witﬁ an angular velocity 2, In the rotafing frame one will then
observe an electric field of magnippde-ﬁ = (0 xr) X B, in which r 1s
tﬁe position vector éf éﬂe poin£ éf‘observation.

The riddle comes about if we take the divergence of E = {Q x ) x B:
div E =20 * B # 0. It seems as if the rotation produces a charge den-
gity in a region of space that was assumed to be free of matter and
charge. The conclusion is obviousl& absurd, yet the formula for E is
knoﬁn'to be wvalid for regions of space filled with conducting matter
(e.g. eiectric-machinery).

The major objective of this article is: 1} to propose a possible
resolution of this apparent contradiction, 2} to show how the proposed
reselution interrelat;g‘a number of otherwise discennected classical
experiments, 3) to discuss new experimentation that cén further sub-

stantiate or refute the proposed resolution.

18<



The Theoreticél Nature of the Riddle

In diagnosing the ﬁéturg“of fﬂ; problem one can firstly take cog-
nizance of the fact that the apparent space charge does not appear if
one makes a fransitionrfrom one inertial frame to another inertial
frame. The velocity term Q x T can then be réplacéd by a conétant
velocity V. The divergence of E vanishes in the new frame if it
vanishes in the original frame; in fact div E = 0 in the whole family
of inertial frames. Hence one concludes that the occurrence of the
apparent spége charge is typically associated with a noninertial situa-
tion. h

The mentioning of moving systems immediately brings to bear the
question whether or not the contradiction can be resolved within the
vealm of the theory of relativity.

Traditionally the theory of relativity separates into two parts:
the special theory of relativity and the general theory of relativity.
These two theories are also known under the misnomers: theory of
special relativity and theory of general relativity.+

The special theory of relativity is restricted tGMEgé descriptioﬁ
of physical phenomena with respect to inertial frames only. One may
consider accelerations of objects with respect to these inertial
frames. However, the description of phenomena as seen from noninertial
frames is not covered by the special theory of relativity!

The general theory of relativity is, by contrast, a theory in

which the physical phenomenon of gravitation is related to a conceivable

German is more permissive with compound nouns than English e.g. Rela-
tivitdtstheorie = theory of relativity. It follows that an adjective

(e.g. general) applying to such a compound noun is affected by an

ambiguity in translation. This language technicality still creates

much confusion in writing and discussion. ' ji&;::



ndn—Eucliaian structure of the-épacé—time manifold;

It rhus appears that the'sbecial theory of relativity is not
suited to approach the_pfoblem'at ﬁand ﬁhile the general theory seems
irrelevant. What is needéd is a theory that permits a deseription of
physical phenomena as seen from noninértial frames. i

Fortunately, there is a principle which permité us to relate
gravity and accelerated fraﬁes of reference. It is known as tﬁe.prin—
' ciple—of "local' equivalence. It expresses the "local" indistinguish-
_ability éf gravitational and kinematic acceleration.

Tﬁe term local, in this context, is meant to.convey the idea that
the observational indistinguishability only holds if one refrains from
exploring the environment of the point of acceleration. Putting it
in less abstract terms: 1ooking.out of the window of oﬁe's confinement
one would soon be able to tell whether or not one is affected by gra-
vitational acceleration, kinematic acceleration or by both accelerations
simﬁltaneously. The principle of eguivalence has been a key point in

the development of the general theory.

One thus sees that the general theory of relativity is relevant.

P

The mathematical formalism that accommodates gravitation also accommo-
dates aécelerated systems of reference.. There is the added advantage
that the description of kinematic acceleration does not requi}e the
validity of the gravitational field equations.

The mathematical implementation of the primnciple of equivalence
draws on another principle that was also instrumental for the develop-
ment of the general theory. This principle is known as the general
principle of covariance or the principle of general covariance. Again,
the position of the adjective "general” causes some confusion about

the precise content of the principle, It suffices to mention that
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the name was obviously meant to create a contrast with the more restricted
concepts of Lorentz covariance and Lorentz invariance.

. The conceptual obscurity surrounding these principles has unfortu-
nately led to a situation in physics where the word general covariance
is hardly respectable. Nevertheless the initial attgmpts to understand
and to describe coherently physical observations in accelerated systems
mostly start in some way or another as applications of the principle
of general cbvariance.

It is not difficult to remove formally the Sommerfeld riddle by
defining an invariant divergence that vanishes in inertial frames as
well as in noninertial frames.z

A discussion of égievant experimentation performed in rotating
systems and a review of attempts at correlating these observations in
the spirit of some principie of general covarlance has been given by
the author in a recent article.3 Probably the principal conclusion
of the latter study is the.conceivable existence of a pgeneric relation
between the optical Sagnac effect (now better known as ringlaser effect)
and some little known effects pertaining to the phenomenop of unipolar
induction. The latter have been studied elaborately GV Barnett,
Bateman, Kennard, Pegram, Swann, Tate and several others.4

Notwithstanding thé somewhat discredited position of the prin-
ciple of general covariance in physics it can hardly be denied that
some version of general covariance will have to be the tool for
approaching problems in accelerated systems. The present author
retains a personal confidence in appropriate discussions based on such
principles.

Howeyer, considering the controversy surrounding these principles

there is also a real need for a physically more deductive method of

<3<



2

understanding Ebic phenbgena in accelerated systems. The next section
is devoted to such an approach. The salient features of accelerated
systems are delineated In a manner that is as much as possible indepen-
dent of the controversial aspects of covariance. The discussion will
be restricted to uniformly rotating systems.

A further central point Iin the following considerations is that
physical observables such as potential differences, charges and
currents appear in the theory as the result of integrations. The so-
called field quantities are the integrants of these integrals. These
integrants atre n;t necessarily uniquely determined by those integrals
representing the observations. It is then reasonable to give a pri-
nary operationa£ rolemgo the integralé rather than to the integrants.
Yet one can at least retain in the field gquantity as much as possible
the original operational qualities pertaining to the integrals they

come from. The latter point is basic in the following discussions.
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E.M. Relations in Rotating Systems

A few points of major coﬁcerqﬁfor the developments to be presented
now will appear ﬁo be raéher formal in nature. Tt may thus be difficult
to escape an'impression'fhat covariance related concepts are still
coming in through the back door. But even so, if that happens, should
there be any objectibn against a reminder of a handwritipg thatlhas
beeﬁ on the wall for some time?

For almost a century it has been common practice in textbook lit-—
erature to havé curls and divergences operate on the same vector fields.
It is known ;hat this peculiarity is a unique feature of vector analy-
sls in three-~space. A_by—préduct of this coincidental situation is tﬁat
one and the same vector field can be considered as the_inteérant of é
line integral as well as the integrant of a surface integral.

I1f one searches the literature for opinions of leading physicists
about this subject matter, one finds that Maxwell was among the first
to have pangs of conscience about the possibly deceptive consequences
of a too fréely used mathematical opportunism offered by the tradi-
tional system of vector analysis. 1In an article specially devoted to
this subject Maxwell insisted on the existence of four different
vector-species in three-space. His arguments, although mathematical
in nafure, were motivated by physical needs.

Maxwell introduced the names force and flux vectors to corres-
pond to the notions of line vector and surface vector. Eaeh of these
vectors can have the property of being polar or axial. A pairwise
combination of these properties leads to four basic vector species
in three-space. A classification of the fundamental field vectors

of electromagnetic theory then leads to the following diagram.
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in which E and D are the electric field and electric displacement while
H and B are the magnetic field and the magnetic induction.+

‘For matter-free space, it is known that there is a very simple
relation between these field vectors. In fact by choosing a somewhat
ad-hoc system of mixed units one can further promote the simplicity
of the relation and bring about an actual identification of the elec~

tric and magnetic'field vectors respectively: E=Dand H = B. It is
not normally exﬁiiciti&ﬁstated whether this identification is good for
inertial as well as for noninertial frames of reference. Standard
texts are usually tacitly fEStricted to an-inertial frame treatment
of E.M, theory. To substantiate this statement I refer to a particu~
larly authoritative text in which this obscurity is not swept under
the rug. Feynm.an6 simply declares E.M. theory not to be valid out-
side the family of inertial frames++; a drastic point oﬁlyiew which
surely guarantees the avoidance of Sommerfeld's riddléj

However, in this article we address ourselves to the problem
of presenting a possible solution, not an avoidance, of the Sommerfeld
riddle. Hence the position taken by Feynman is of no help, in fact

it is unnecessarily restrictive if we comsider the classical applica-

tions of E.M. theory in rotating machinery. Feynman rejects the

+ A more elaborate discussion of the four vector species in three-
space and their relation to transformational properties in three-
space and four-space is given in chapters II and III of ref. 5.

++ 1 quote from Feynman, ref. 6, section 14.4: "We must be sure to use
equations of electromagnetism only with respect to inmertial coor-
dinate systems." ;Zél
<<



problem out ofﬁﬁ?nd, Somméffeld takes a more constructive position.

Procéeding in the spirit of Sommerfeld by applying E.M. relations
to fotating systems, we may now make the observation that there is no
ground whatsoever for assuming the field identificaticn E=Dand H=38
to hold and to be meaningful outside the realm of inertial frames. 1In
fact unless we want to bereave ourselves from the onset of any possible
‘solution, we do well in maintaining the distinction of wvector species
as originally indicated by Maxwell. The latter statement is net only
meant to apply to macrophyslcal situations concerning material media.
It will also-be necessary to maintain the distinection in matter-free
space if the systém of reference is noninertial,

Having thuéweliminéted the most obvious inertial frame character-
iétics from the commonly presented form of E.M. theory, we can now turn
to the question how an accelerated frame, and a rotating frame in par-
ticular, affects the fundamental E.M., relations. Does a rotation
affect the Maxwell equations, does it affect the constitutive equations

or does it affect both simultaneously?

The position taken in the pfesent attempt at resolving the Sommer-

-

feld riddle is the following:
1. The Maxwell equations rétain their form on accelerated
frames, provided they are expressed in terms of the four
distinct field quantities L, B and D, E.
2. The criterion, whether or not a frame is accelérated depends
completely on the constitutive relations between'f,'ﬁ and
D, H.
The choice presented here is not arbitrary, because nothing in the

fundamental observations leading to the Maxwell equation restricts

them to inertial frames. The first set of equations follows from the

:Z§;<:

10



11

Faraday inductibﬁ'law and Erom the absence of magnetic charge. There
is nothing in Faraday's observation that restricts the law to be
valid in inertlial frames only! Furthermore one would not expect the
absence of magnetic charge to depend on whether or not one observes
from an inertial or from a noninertial frame! Similar eonclusions can
also be extracted from the equations denoting continuity of charge and
the Biot-Savart relations.

It was necessary to waste some time in combat against established
inertial frame habits in order to set the stage for meaningful non-
inertial work. We can now concentrate on how to modify the constitu-

tive relations SP‘as to include the treatment of rotating frames.

Let us examine the consistency of the following set of constitutive
equations for a frame rotating with angular velocity'ﬁ with respect to
inertial space, Note that all field vectors are referred to ome and

the same noninertial frame; these equations are not transformational

relations!+

D=c¢e E+ EO(Q Xr) xB (a)
. , I
H=—2B+e@xD x% ()
¥, °

‘Retaining the Maxwell distinction of four field vectors, it was only an
appropriate expedient to use MKS units; £ and b, are the usual free-
space permittivity and permeability. One may consider €5 and M, as
operators needed to convert force-vectors inteo flux-vectors.

The following observatiqns can be made about these propoged con—

stitutive equations:

+ The equations I and II can be obtained by a transformational proce-
dure — see ref. 3, formulae 74 and 76.
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a. They peduce to the familiar relations D

i
o
tf
o
2.
=]

n
=
=11

for an inertial frame if Q = 0.

b. The second term in the righthand member of equation Ia
resembles the induction field that led to the Sommerfeld
riddle. The total displacement D is generated by the sum of
two electrié fields: a source related field and an emf. The
divergence of D does not lead to a contradiction mnow.

c. The existence of the second term in the equation Ib can be
inferred from the assumption that the Lagrangian should be
a t?tal differential in the field variables E and B. The

term has,the characteristics of an H field generated by a

convection current.

It may be mentioned that the constitutive equations I bear some
resemblance to the constirvtive equations of a uniformly translating
material medium. The extra terms in the latter wvanish if the product
of relative permittivify €, and the relative permeability Mo approach
unity.

Let us next consider the assignment of extending the equations I
for a corotating dielectric of relative permeability/;;; It is then
obvious how the first terms in the righthand member of equation I will
be affected. To arrive at a conclusion of what happens to the second
terms it is useful to consider the following thought experiment.

Fo; a rotating system it is natural to examine a coaxial capaci-
tor that is being rotated about its axds of symmetry. First consider
the case without a comoving dielectric. Assume the capacitor to be
charged, say the outer cylinder is positive and the inner cylinder is

negative (see Figure 1).

<7<
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Figure 1. Rotating charged coaxial condensor.

When ekamined from an inertial frame of reference one Qill notice
that the convected surface charges represent closed current loops that
will result in a residual magnetic moment as seen by the inertial
observer. The surface charge per unit area {on the outer cylinder,

say r = rz) is EOE. A calculation of the total current.s enclosed by

the line integral of H (see Figure 1) leads to the expression
= 0! o o 90 = 1 o1,
3 =0 r, e, E'L =@ H'dl =@ — B'as (1)
&) 110 :

% is the length of the tubular condensor. Primed symbols refer to

r//

quantities in the.inertial frame.
Let us now consider an observation on the rotating frame. The
convecinn current as seen from the rotating frame vanishes. Hence
the line integralé Hd4 when taken on the rotating system also
vanishes, because the Maxwell equations, in this case the Biot-Savart
~integral law, is not affected by going to a rotating system (consult

the set of underlying assumptions}, It then follows from Ib that
1_. — — — R —
T B+ di = - EO(Q ¥ r) x E«df {(2)
o}
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The righthand menmber of (2} reduces for the case of the cylindrical

arrangement of Figure 1 to

é—}—g'd_=-ﬂrsEL (2a)

A comparison with (1j-shows that the B! in the pfimed system is equal
in magnitude to the B in the unprimed system if E = E', The E and E'
would only be different if there had heen a strong B field to begin
with (E' = E+ (2 x r) x B). Generated by E itself the B in this case
is already higher order small, Hencerthé assumption fhat E=F is‘
well justifiéd ipso facto B' = B.

The only figl; va¥?able that changes drastically in transformation
is B'. Indeed U = H' - (§ x r) x D' = 0, follows in essence from (1).
The change in sign is properly resolved by a consistent convention for
the sign of @ i.e. R' = -Q.

We are thus confronted with the remarkable situation that B is
unaffected but § goes to zerxo when going from the inertial frame to the
rotating frame. Of course, locallz.one can always define an H equal to
B/uo provided its closed loop line integral VaﬂiShES./”ThiS local U is
derivable from a potential and has at most an ad hoc physical meaning,

It is now a simple matter to see what happens to what may be
appropriately called the (non) inertial terms in I if the capacitor
ig being filled with a corétating dielectric. There is now the addi-
tional surface charge of polarization, P rotating along with the
rsurface charge D of the capacitor. It follows that the net charge
per unit area carried around is still EOE, because egﬁ'= D - E'(see
Figure 2). Hence the inertial term in Ib is not affected. The usual

thermodynamic type argument can then be invoked to argue that also the

inertial term in Ta is not affected, The constitutive equations for

2I3<

14-



a corotating diglectric may thus be written:

D

£
r

_L
uD

€, E + 50(9 X ?) x B

B+ eo(ﬁ X1} xE

Figure 2,. Convected charges in a coaxial condensor
, filled with a corotating dielectric.

15.

(a)
11
()

A further, not yet mentioned, assumption underlying the equations IT is

that €. is not significantly affected by the rotational accelerations.

This assumption is well supported for most practical purposes, because

the inter-molecular binding forces of the polarization charges prevail

over the acceleration forces.

36<



. L '
A Calculation of the Kennard and Pegram Effects

The most striking experiments that support, at least in the sense
of a compatibility, the constitutiwve equations.Ia are probably.the
Kennard7 and Pegram8 experiments.

_ Both experiments-utilize a coaxial rotating capacitor as in Figure.
1. A strong axial magnétic field is generated by an energized coil co-
axial with the capacitor.

In the Kennard experiment one measures a potential difference
between the Plates of the capacitor when the capacitor is rotating.

In the Pegram experiment one measures a charge on the capacitor
when the capacitér is being shorted by a corotating short during the
rotation,

For both experiments it seems to be immaterial whether the coil

generating the B field is stationary or corotating with the capacitor.

The two effects thus depend solely on the rotation of the capacitor

with respect to inertial space. The mutual motion of coil and capaci-

tor does not affect the observation.

So far the experiments have been performed without a corotating
dielectric (air dielectric). A beauty defect of the Kennard experi-
ment is that the potential difference is measured in the stationary
frame via a pair of sliprings,.

The early explanation of these effects have been a point of much
theoretical discussiona. The interpretations tended to be oriented
towards an e.m.f. effect ésymptotically related. to Faraday's induction
law.

Let us now calculate the effects on the Basis of the constitutive

equations I and II. We may COHSi%Er right away the case of a corotating
A=

16



dielectric. The result should reduce to the free-space case for €. = 1,

We then use the relation IIa
‘ D=¢c ¢ E+ ¢ (RxT¥) xB IIa
r oo o

For cylindrical symmetry it is natural to use eylindrical coordinates
and to consider only the radial components of E and D and the z compo-

nent of B, The expression IIa then becomes

D =¢ € E + ¢
r

b r O BZ i (3)

o} r2

The absence of a free charge in the dielectric shall now be made the
cornerstone of the discussion. (For matter—free space that is the

absence of the Sommerfeld riddle). Hence

N N N
div D = v T Dr Q. i (4)

Solving this equation we find

Dr = Afr, (5)

in which A is a constant of integratiom.

In the (ideal) Kennard case the constant of integfation A is zero,

because D = 0. It then follows from {3) that‘

~1
Er—-E—r—QrBz (6)

The potential difference V between the plates of the coaxial capacitor

becomes if rl and r, are the radii of the inner and outer conductor

Ty R Bz (r22 - rlz)
Erdr = - 5 , (M
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In the (ideal) Pegram case D # O but the poteﬂtial between the
plates of the capacitor is zero. It then follows from (3) and (5)

that

r bA E E£_T

E=—19r13—-——‘5— (8)
Er [n] T

The potential difference V is now zero. Hence from (8) we have that

the constant of integration A is

/ &n ;z {(9)

1

From (5) and;(9) one obtains as the total charge Q on the capacitor

2 2
r., -t )
‘“—2—‘2—'1'"—' / ﬂ.n(rzf’rl) (1)

Q = 2ﬂeor B %
where £ is the length of the cylinder.
The capacitance C of a tubular cylindrical capacitor of length %
is given by the expression

2 e £ &
o T

€= I, /r)

(11)

It follows from (7) and (10) that-the ratio of the Pegf;; charge and
the Kennard potential still reproduces the conventional capacitance
6f a cylindrical capacitor {(11).

However, in marked contrast with an emf based interpretation of
the Kennard and Pegram effects, we find that the Pegram charge Q is
independent of the relative permittivity Er of the corotating dielectric,
whilé the Kennard potential decreases in the ratio l/Er; see equations
(10) and (7). For an emf based interpretation one would obtain a
Kennard potential independeﬁt of €. whilé the Pepram charge Q would
increase in the ratio € Hence here is a point susceptible to

33<
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A Survey of Relevant Experimentation

The Kennard and the Pegram experiments discussed in the previous
seétion are among the important and crucial ones that can be considered
to test the proposed solution of the Sommerfeld riddle. However, the
experiments that havé been performed so far all utilized a tubular
capécitor with a free-space (air) dielectric. A simple comparison with
the egrlief emf based explanations of these effects shows that the pre-
dicted result is exactly the same as the ones obtained in the previous
section, becguse the relative permittivity equals unity; €. = 1. It
would be a different matter ifler £ 1.

| In order to stipulate precisely-what experimentation would be
indicated to resolve the matter more conclusively, let us reiterate
the basic premises of the presently proposed approach for noninertial
frames: 1) the Méxwell equations retain their usual form in noninertial
frames provided we retain the distinction of four basic field quanti-
ties; the reduction to two field guantities was found to impose an
unmentioned hidden restriction to inertial frames., 2) The behavior
in noniﬁertial frames is solely and completely describable by an
appropriate modification of the comstitutive equation with so-called
"inertial terms' (see eq. T and II). Note thét the modification also
oceurs in matter-free space.

It follows that the burden of experimental proof mﬁst be sought
in experimentation testing constitutive behavior in noninertial
frames. These experiments may inélude,static constitutive behavior
(Kennard and Pegram) as well as dynamic constitutive behavior (Sagnac
and ring laser effects). It has-been shown in a previous study (see

ref. 3) that the inertial terms in the constitutive equations are
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indeed essential for describing the Sagnac effect.

Summarizing, the following three points c¢an then be cited as
directly supporting the salient features of the proposed procedure for
treating noninertial systems:

1. The Sommerfeld riddle can be resolved.

‘2. Within experimental precision, the correct values for the

free-space Kennard and Pegram experiments can be calcﬁlated.

3. The-inertial terms in the constitutive equations yield a con-

nection between the static Kemmard and Pegram effects and the
dynamic Sagﬁac or ring-laser effect. This latter relation

also holds for e # 1.

The point (2} at this étage is at most a compatibility check, because
the Kennard and Pegram experiments have not been performed as yet with
a corotating dielectric. Sagnac experiments have been performed with
the light beam traversing a comoving refracting medium, so here is a
positive but not vet unique support for the equations II.

To obtain more conclusive evidénce to support or refute the pro-
posed procedure of treating noninertial systems, the fq%lowing three
points may be considered. They contain suggestions for further experi-
mentation thét cpnceivably could swing the evidence more clearly pro
or com.

1. An improved Kennard experiment should be performed with the

potentiai measuring probe on the rotating system itself;

2. The (improved) Kennard experiment and the Pegram experiment

should then be repeated with é corotating dielectric (gr # 1).

3. Then, for the sake of completeness, here is the dual of the

Sommerfeld riddle: does the magnetic moment generated by a

convection current still exist for the .comoving observer?

Jo<



(Section III of this article), Some classical experiments
have confirmed that the magnetic moment indeed exists in the
inertial frame. So far there is no explicit experimental veri-

fication that this is still the case for the comoving observer.

Finally there is an indirect experimental check on the constitutive
relations T and II by virtue of the fact that Kennard and Pegram effects
are brother and sister to the so-called ring-laser effect. To see how
this family relation can be, note that the latter is related to the
resonance splitting of a closed optical circuit, when the mirrors and
beam splitte; determining that circuitrare at rest in a frame that is
rotating with respectrtp inertial space. The magnitude §u of the
resonance splitting-can be calculated from the Boltzmann-Ehrenfest
relation for an adiabatic change of state. The energy density changes
. are obtainable from II and the cﬁrresponding energy changes in the
optical circuit are obtainable by integfation over the light path.

One finds after some simple reductions, assuming energy conservation

in the light beam

dr -

elg

$% .1 .
- 4 -

- cénds (12a)
The integral in the denominator is the Fermat‘integral with n = e

the index of refraction in the light path. The path of integration

. . . -}
is the closed optical circuit; ¢ = Vsouo.

From the invariance of phase (see ref. 3) one obtains a similar

relation

Su $7 . &t

=L - 42 Y = df

w _cﬁnds (12)
in which V is the velocity field denoting the motion (and possible

deformation) of the optical light path,
55
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A comﬁarison sh;wéifhét_éﬁ; (12a) is contained in eq. (12). 1t
follows in addition from eq. (12) that the ringwlasgr effect is indepen-
dent of the center of rotation.- A situation of potential experimental
ingerest oceurs ehen the index of refraction approaches zero such as
~in a wave guide near the cut-off frequency. Note also that dw = 0 1if
V= constant, velativity of uniform motion.

An interesting difficulty arises when we permit also magnetic
permeable meaia in the light path o # 1. What happens experimentally
js a rhetoric queétion, because in the optical range the permeability
of all materials approaches unify except perhaps for the fourth or fifth
decimal place. The theoretical aspects, however, are of some interest,

The obvious extrapolaéiﬁn of the eq. IT for He # 1 yields the following

expression for the resonance splitting

:é;nlﬁ xr * dr ‘
Sw _ r . (12b)

w c gs Ve i ds
rr

It is still true that w = 0 for R = 0, however, the eq. (12b) is not
any longer contained in the "kinema;ical” result (12), such as was the
case fof eq. (12a). Tt thus follows that the effect (12b) does not

in general share ﬁhe property of being indépendent of the center of
rotation.

- The premise underlying all relatioms (12) but in particular (12b)

assumes that Eps Mo and n are not suybject to dynamical changes due to
acceleration forces experienced in noninertial frames. It is easy
to show that this assumption is wéll justified for £ because pgravi-
tational interaction is very weak compared to electric interaction.
It is more difficult to justify the same statement for ur; the well-

known Larmor theorem clearly illustrates the nature of that limitation.
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Sﬁﬁﬁariziﬁg“;ne“doé; ﬁeli tomconclude tha£ ﬁﬁé equations II are
not to be considered as the last word in comstitutive behaﬁior in
rotating frames. Their extrapolation to media with ur # 1 should be
considered with due caution.
The claim of some authors9 of having resolved this difficulty
purely through the use of transformational procedures concerning the

observer should be also considered with due reservation. Their result

- hinges on their assumption - guote - that they do not see the experi-

mental need for considering derivatives of the four-velocity - unquote.
It is dangerous to infer a general conclusion from such a highly
specialized'assumption. Moredver it is easy to think of realistic
experimental situatioﬁ;Awhere the assumption does not hoild.

Perhaps experimentation of the Kenﬁardeegram type could help to
resolve this matter further, although the fact that almost all magnetic

media have an appreéeciable loss angle is a serious handicap in per-

forming such experimentation.
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APPENDIX I

There exists a theoretical approach which is just about the oppo- -

site of the one suggested in this article. Instead of using a single
global frame that is‘accelerated with the system, one uses a method
that is agkin to one éommon in fluid dynamics (Lagrangian coordinates).
In every point of the syétem a local inértial tetréd is defined.
These . tetrads move uniformly with the instantaneous velocity at that
point and at that time.

| The constitutive relations with respect torsuch local inertial
tetrads are,lof course, the same as in any inertial system. By con-—
trést the Maxwell equations now change their form when going from an
inertial to a noninertial situation. The noninertial situation is
represented by the fact that the local inertial tetrads change their
orientation from space-time point to space-time point.

The mathematical implementation of this method of local inertial

tetrads is very cumbersome. The curl, divergence and gradient expres-—

sions require additional terms related to the so-called linear

connection between the local tetrads. L
Historically the method of local inertial tetrads 1s a natural

extension of the method of local cartesian triads. The latter is nor-

mally used when introducing curvilinear coordinates in three dimensional

space.
The methed of local inertial tetrads does not lend itself to a
lucid discussion of the Sommerfeld riddle or the Pegram and Kennard
effects. 1In fact the chances are that one does not recognize and
identify thesé matters as realistic physical issues (see last para-

graph of section 4 of ref. 10).
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Tﬁé—phyéicél'advéﬁtégés claimed for the ﬁethé& of local inertial
frames is thét it enables one. to WQEk in a coordinate environment with
ﬁhich cne believes to béifamiliarf'.lndeed most of contémporary.physics
emerged.from_inertial f:ame considerations. Many of its notions do
not permit a simple ex£rapolation to noninertial situations. Fortunately
noninertial situations can be frequently evaded in practice. 7

In cases where the noninertial situation cannot be ¢ircumveénted
fhe-méthod of local inertial tetrads seems to be the wrong mathematical
tool for thg job. TIts use is prompted by psychological rather than
practical considerations. Additional references concerning origin and

use of the method can be found in reference 10.
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APPENDIX 11~

Readers who may have taken the trouble of consulting reference 3
may have found that the definition of field quantities used in that
article differs in a perhaps disturbing manner from the conventional
definitions. The unconventional éhoice was made to open the possibility
of using mathematical methods related to the exterior differential cal- '
culus. The unconventional field quantities are the pure coefficients
of differential forms. For the conventional definition one separates
" out a scale factor to retain the dimensional homogeneity of the field
components. {More details of this procedure can be found in references
2 and 5. For the purpose of tfanslating the uncenventional into the

conventional field quantities (and vice versa) for the case of cylin-

drical coordinates the following table is provided:

UNCON. CON. UNCON, ' CON,
Er Er Dr ' rDr
E E T D D

¢ ¢/ ¢ ]
Ez 2 Dz rDz
H H B T rB
T r r r
H H /r B B

¢ b $ ¢
Hz Hz BZ rBZ
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